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Question 1

a.

Question 2

a.

Since f(3) = 2,

Therefore

EXAM 1 SOLUTIONS
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L§(2cos(2x) —sin(3x)) dx = [sin(Zx) — %cos(Sx)]i

Question 3
a.

Question 4

a.
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Question 5

a. Let X be the total number of heads obtained when the coin is tossed n = 5 times.
Then X~Bi (5, 1). Therefore,
2
Pr(X >1)=1-Pr(X =0)
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Question 6
a.
E(X) = 1
1+a b_1
2 37"
a b_l
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tih=3
b.
E(X?) —E(X)? =
1 a®? b?
Lo
2+4+4
a2+b2_3
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C. Substitute b = 2 — a into a® + b? = 6 to get
a’+(2-a)’=6

a*+4—4a+a’*=6
2a° —4a—-2=0
a?—2a—-1=0
a?—-2a+1-2=0
(a—1%*=2
a=1+V2
Ifa =1+4++2thenb =1 —+/2, whichis impossible since b > a. Therefore,

a=1—+2andb=1++2.



Question 7

a. Letu = 10t and v = e~ t. Therefore,
C'(t)=uv+v'u
= 10e~t — 10te~*
= 10e7(1~ 1)
b. The concentration is a maximum when C’(t) = 0. Therefore,
C'(t)=0

10e~t(1—t) =0
f=1

since 10e~t # 0.

Question 8
1
Pr(X=5|X24)=§
PrX=5andX >4) 1
Pr(X > 4) ~3
Pr(X =5) 1
Pr(X=4)+Pr(X=5) 3
p° 1
SCp*(1—p)+p° 3
p° 1 [
5p*(1—p) +p5 3 =
p° 1
p*GA-p)+p) 3
p 1
5—4p 3
3p=5—4p
5
P=7
Question 9
a. Ifa = 0, then f(x) = —4x + 1 will be one-to-one. Therefore, it has an inverse.

If a # 0, then the function is a quadratic with turning point

X = = = -
re 2a 2a a

The turning point cannot lie in the interval (—1,1).

N

If- < —1thena € [-2,0).
Ifz > 1thena € (0,2].

N

Combining the answers, the function will have an inverse for a € [—2,2].



b. The function f will be one to one provided f'(x) = 0 for all x. We have,
f'(x) = 6x%—2kx +2
We want for f'(x) = 0 to have at most one solution. Therefore,

A<O
b?> —4ac <0
(—Zk)2 —48<0
k?—-12<0
Therefore,
VIZ <k <vi2

EXAM 2, SECTION 1

Question 1

Since

b 2k

—k

TP =TT T
and
yrp = (—k)? + 2k(—k) + 3k? = 2k2.

Therefore, 2k? = 18 = k = +3.

Question 2

Solve

x=e’1+1
x—1=eY1
y=1+log.(x —1)
f71(x) =1+1log.(x — 1)

Also, dom(f 1) = ran(f) = [2,e? + 1).

Question 3 n
xX'=—x+4=>x=4—x'
y' +3
3

y'=3y-3=>y=
Therefore y = 4 cos(2x) + 2 becomes

!

y'+3

= 4cos(2(4—x")) +2
y' =12cos(2(4 —x")) +3

Therefore the range is [3 — 12,3 + 12] = [-9,15].



Question 4

If
y=fQx+6)=f(2(x+3)

is translated by one unit to the right then the rule becomes
y=f(2((x-1)+3)) = f2x +6).
Question 5 n

The area above the axis cancels the area beneath the axis. Therefore,

a
f3x2—3dx=0
0

[x3—-3x]¢=0
a®—-3a=0
a(a®>-3)=0
a=0+V3

Since a > 0, we must have a = /3.

Question 6

. . 11
Since fon sinx dx = 2, we must have k = 5.5m = Tn, as shown below.

Question 7
a

Since A = 1, we have asz = 1. Therefore a = 1. By symmetry, E(X) = 5= %



Question 8 n

Pr(at least one of each) = 1 — Pr(RRR) — Pr(BBB)

_ 321 543
876 876
_ 45
56
_ 45
56
Question 9
Let n be the number of boys in the group. Then
Pr(BB) = !
T
n n—1 7

n+3n+2 15
Solve forn > 0 to getn = 7.

Question 10 n

Since
1
p+'p+3p+g=1
. _5
P=%
_1
P=%
We have
EX)=1 1+2 1+3 1—1+1+1—5
06 2 6 6 2 3

Question 11

Note that f will have an inverse if and only if f'(x) = 0 for all x. Since f’(x) = 3x% +

2kx + 3, we require that this quadratic have at most one x-intercept. That is,
A=b*—4ac=4k*-36<0

Therefore —3 < k < 3.

Question 12 “

Since
d
& e?*(2x +2a + 1),
dx

and Z—z = 0 when x = —1, we have that

e 2(-2+4+2a+1)=

0
1
“=3



Question 13

Using similar triangles,

Therefore
4
A =xy=§x(3—x)

has a maximum at x = Z Therefore

32 2
Question14-
Pr2< X <4 1/3 1
PriX <4|X>2) = ( )Y ==

Pr(X>2) 2/3 2
Question 15

2fonf(x) dx+af0ncos(;)dx =10

4+ a[z sin (;)] =10
0

2a sin (%) =6

a=3
Question 16 “
Wehaved—yz 24 Atx = 1,
dx 2x-1
dy
m:a=2a and y=alog,2-1)+1=1.

Therefore the equation of the tangent is
y—1=2a(x—-1).

Letx = y = 0 so that —1 = —2a. Therefore a = %

Question 17 n

Since X~B (15, Z) andp = 1X—5 we have

Pr(p>3) = Pr(55>3)
"\P=3)7"\15=3

= Pr(X > 10)
= 0.6865.



Question 18

Note that f'(x) = % -

2Vx®
f(h=1=1=a+b
W =0=0=2_2
)= 2 2
. . 11
Solve these equations to give (a,b) = (— —).

2’2
Question 19 n

Note thatran(g) = [c, ®).
Since f(x) = x2 — 2x — 8 = (x — 4)(x + 2), we require that ¢ > 4.

Question 20

The area of the rectangle is

A=uv
=ue ¥

A =—ue ™ +e¥
=e (1—-uw)

IfA'=0thenu=1andA4 = 1xe ! =¢~ 1.

EXAM 2, SECTION 2

Question 1
a.
f LI
o x+1 *=
allog.(x + D]g =1
a(IOge(%) - IOge(l)) =1
a =
log.(2)
b.

T ax

1 T x
E(X) = _ = =0.44h
X J;, x+1dx loge(Z)J; x+1dx 0 ours

M

Jury =
>



1
loge(Z)f x+ 1 )
m = 0.41 hours
g d 0.2
loge(Z)fk X170
k = 0.7411 hrs
= 44,47 min

=
E

05 4
f dx = 0.58
o x+1

Pr(0.25 < X < 0.5)
Pr(X > 0.25|X < 0.5) = Pr(X < 05)

=0.45

Let N be the number of times that the wait time is less than 30 minutes.

Then N~B(7,0.58) and
Pr(N = 4) = 0.29.

p =% = 0.382

2000

First find k such that

Pr(—-k<Z <k)=0.99
Pr(Z < k) = 0.995

k = 2.5758
Then
p(1—p) 0.382(1 — 0.382)
6 = = =0.01
o \[ n \[ 2000 0.01086
Then

99% CI = (p — k&, p + k&) = (0.35,0.41)
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Question 2

a. Since

fl(x)= gx(Za — 3x)

if f'(x) = 0thenx = z?a and f (Z?a) = 2. Therefore, D has coordinates

<2a 4)

3’a
4
b. Area = ax; =4
C. Since
a27 9
A=f sz(a—x)dx=1
0
Therefore,
9
Fraction shaded = & = —
raction shade =17 16
d.
Y
6
(4,4)
4
2
2 4 6 8

shape turning point endpoints

e. The gradient m of the curve is given by

Fi() = 5 (12x — 3x2)



3
= —g(x2 — 4x)
= —g((x—z)z —4)

3 3
— _ _ _ 2 —
= 8(x 2) +2

The gradient has a maximum at x = 2. When x = 2, f(2) = §><4><4 = 2.

Therefore
m=2 and n=2
f. Since
h(x) =glx+2)—-2
1
=§(x+2)2(6—(x+2)) -2
3x x3
55
Therefore,
3(=x) x3
h(—X) = 2 - 5
3
-2
= —h(x)
Question 3
a.  Since A ~N(502,2),
Pr(A <c¢) =0.99
¢ = 506.65
b.  Pr(4 < 497) = 0.0062.
C. Since B ~ N(u, 0),
Pr(B > 507) = 0.15
Pr(B < 507) = 0.85
507 —u
= 0.85
o

Pr(B < 498) = 0.02
498 — u
= 0.02
o




Solving these two equations gives

u=150398 and o =291

d.  Pr(B < 497) = 0.0083
e.
p(0.0062) + (1 — p)(0.0083) = 0.007
p =0.619
~ 62%
Question 4
a. x? =+/x = x = 1,y = 1. The coordinates are (1,1).
b. fol(\/f —x%)dx = §
C. 2x s =2
3 3
1 (1 _1 1_ 7
a -0 =i%=%
e. The vertical separation is given by
d(k) = Vk — k?
1
d (k) =——=—-2k
(k) iR
When d'(k) = 0 we have
1
—=2k=0
2vk
1
k= _f
23
f. G=(kVk)
WhenVx = k? = x = k*
Therefore, H = (k*, k?).
g AW =:(k—kH(Vk—k?)
Minimise using CAS L
k =0.53
h. Solve
y = x*
y+x=c
for (x,y) using CAS.
_ 1 _ 1
*EY T

Therefore



K

z3) = 1-(2)

The area will then be

1
# — 42 _<§_ _ 2) :E 1A
fo(\/f x)dx+fl 2 XX dx ¢ -

4

N| =

If] = (k,Vk) then K = (\/E, k) (Since f and g are the inverses of each other)
Since the bounded area is é, half of the the area is %. Therefore,

K 1 vk 1
fﬁ—xzdx+—(\/z+k)(\/ﬁ—k)—f x?dx = —
0 2 Kk 6

Solving for k gives k = 0.31467. Since (k,Vk) is on the line x + y = c, we have,

c=vVk+k=0.88



